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El Rsz -

Ez ajegyzetel sRdl egesen el dR®V@xat mMat smd
k®sz¢l t, e szak tmamatmak § jks&igsmerdeeh\ae 2 iz .i
matemati ka szinte mmadésokbapl e®PRkK ¢, ®S
A mat emati kaimi nadneanl 2 zki &p z et t mat emat i
mTvelts®g®nek | ®nyeges al kot -r ®sze.

A matemati kai an-als? ziinstte,g r Bdetbenf@aimé t &
vegtelen kicsiny mennyi s®gekkel, az Y
jell emezt e. Ez®rt szok8s ezt az el j 8r &

azonban a matemati k8ban megk®vetelt S

eredmePoyer&l Sisai , bi zony?2t 8sali vol t ak.
hat 8r ®rt ®8k fogal m8nak tiszt§8z8sa tett:
hogy az i nfinitezi m8l iAsok8.v adz § Bdbdamar
bevezette a ma hasz8n8l| aEowst 8ng gaggv®al - o
anal 2zise el kezdet't kel °onv 81l ni az anal
Bolzano 181 an megal kotta a ma 1 s haszn§gl

Ugyanakkor Bol zano muak 8§ Pa e lkeiglps 32 ®| a

ismeretlen maradt. 1824 e n Cauchy megkezdt e az
formal i z8] 8s 8t azzal, hogy el sR | ®p ®s
8l tal 8noss8ga el v®t, amel yet kor 8bban
p®l ds8ul Eul er imal Eh&lyataz Canah¥yzifortr,
infinitezim8lisokra ®p2tve azt. cgy a
meg, hogy egy x i nf inmikt e zsi m8nl fiisnivt8&elztion

tartozz®k. B esvoerzoezt atteolkda ¢ @ @ use h y®isd el g oz n

defin2ci-kra ®p¢l R kompl ex anal 2zi st.
a parci 8l i s di fferenci 8l egyenl et eket
mat emati Kusok, mi nt Wei erstrass egye¢t
hasz(nBgstu)defin2ci-j8&8hoz, vagyis a mai
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A 19. sz8zad k°zep®n Riemann bevez
sz8zad v®ge fel® Weierstrass, aki Yag y
nem ki eilvRagg’yt Reegky e nes@mk b & ¢ 2zetetze -a hat

8s defin2ci - -j8t. Ezut &8&n a figyelem k
ker ¢l t. Dedeki nd a-vBal8:ss ad zsZetteldzetie i Mald
be, amely defin2ci-j8b- | k °gv entdkud 2z Rean vt
Riemanni nt egr 81 hat - fé¢éggve®ny ek tul ajdons
tekintet ®ben.

Ajegyzet felol el a tudam8nyergkes
mat emati Kkushall gat - 8| trmdt emmza td |lksaR fa@

ismeretekt. Bi zony8ra sz8mottevR seg?ts®get
hall gat - knak ®s mait edaz o kimraknatn akk? S&ri 8° nn
aksgr pedi g a matemati ka m8s 8gai ban
Megjegyezzéik a seg®R@des ilkdzr Ibem@hogyBat k a@ c
el m@dmeretekb i zony?2t 8nekmegRdvk ¢ 1 v an

A jegyzet fR c¢c®l | a, hogy bemut assa
tipikus feladatait, mel yeket az -r1 8Kc

fejezetegymi kus f el adat okb - | 8l I - v8ltozat



1L.EI emi f ¢ @& grafikomgile k

£Ertel mez®si tartom8ny
Legyen D egy tetszRIl eges v arhaz. Ha mizdénmxd Bb - | § I
me gf el ebntosan egwla If(xss z § mot |, akkor a P thalmazonfd j u k ,
fé¢éggv®ny van A @D thed |lneenzavzet. ®rtel mez®si tart

E={yi Ry = f(x), xI D}-halmaztpedigazf(x) f nygv®& k ®s z|l et ®nek nev
FRbb el emi: f¢gggv®nyek
1. Hat v8nyf-ygxgvaPRry
2. Exponenci §ty==" ad>00ag Lt®n Yy
3.Logar it musy=flog,&a¥»®a, )L

N

.Trigonomet ri kyssinysgogxw®ityy e k
y = Cctgx
5 Ar kuszf si;agrv®gygermétri kus)-f iggv®nyek i nve

y = arcsinx, y = arccosx, y = arctgx, y = arcctgx

OM-1.1

lHat 8rozza meg az al §bbom8gg§uv®nyek ®rtel

ay= 7x-20 b) y= xX2-2
5x2- 2x+5 ' Y o ax+1
0 y= 10 . d) y:\/x+3_ X+5
YTq-5 x-2  3x’
7sinx X+1
€ y=5x~; f) y=log,.,—;
) y ) y=log |-
_ 3x-5 A, PO.
g) y=arccos—— ; h) y:ctg%x+—o,
4 C 3+
) y:Iog‘X‘|2x-:ﬂ!

2Cbr8zolja a@nwueélRbdbbi fcgg
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a) y:ﬂ :
M-85

C) y=2x*- 4x+1;

f)y:%m£é+£§;
¢ 3=

h) y=

log, |x- ]j"
3

l1.1)Hat 8rozza

oy= 3x-15

2)Cbr 8zol j a

2.1)Hat 8rozza

_ X*+5
O)y_1-|2x-:q’ )

2)Cbr §8zol j a

3.1)Hat 8rozza

_ bx-1 9

Oy= - ;
y 1- 4> x°+64

. 3X
C) y =arcsin !

2)Cbr g8zol j a

a-x-3 YT

az

6
b) y=—o;
) Y=
d) y=2"7

1
=—tg2X;
Q) y 29

¥ M-1.1
meg ek®r akf§mbz®cigga®bhpYym8&ny§8t :
5-2x .
\3x- 6’

al 8bbi

Q) y =logyeglx +1!

az fée¢ggv®nyt :
y =|2cosx +3!

meg ek®r akg§mez®cigga®hpym8nyS8t :

_|5-2x . _
b y—,/m, c) y=log(,ylx+1!

al 8bbi f¢gggv®nyt:

oot

- P
29

y=39

O gig.)o

al 8bbi f ¢iggv®nyek

[3x% + x+2
by y=4———;
)y 3x- 2

al 8bbi

meg az

az fée¢ggve®Nyt

y =2log,|x+2!

®rt e



uv-1.1

lHat 8rozza meg az al SbbomE8pgg§v®nyek ®&rtel

2
1. 4 y:xz-—x+2; b)y = v2- x* +/x+1.
2X°+x+5
25sinx
c) y=e x> |
2. g y=—24 . ) y=———- YX*3,
3x?- 27 Jx-5 3
c) y=1In3x+4!
5x3- x+9 x*-4 5
3. y=—"—-— "= byy= + :
)y 3x- 2 )Y Jx2-9 x-4
. 7
C) y=sin !
) Y ,/X+p
3/ 3
3x2 - Tx+4 (x+3)(x- 3)
c) y = arccog3x- 6)!
773 - 11 Jx
F.gy=————— b)yy= :
)y 5x*- 9x% +4 )y x*- 16
c)y=cosLI
}+11°
6.9y = 2 . py=2X*3.
' 3 +x?-5x-125 x? +5x
cy= tga§x+’go'
5-x 2 1
7. y=———— b)y=+3x"- 27+ —;
)y 9+4x- 13x° )Y 3- X
Qy= se@%-+pol
5 1 X-5
8.a 3- =+ : byy=[—";
)y = X 2x-8 )Y 3- X

0)y=lg(x- 25)!



L,

+m;

9. Oy=

cy= cose&x +

3
10.0y= :
y (x- 7)x2 +2)
. 2X+5
c)y:arcsmT!

rA\x\ 9x+5

po,

11.y=

cy= ctg%x - '28!
o 3=+

_Adx-4 3
B N X+3’

0) y =log,(x+2)!

13y@37+

X5 3x*- 75

c) y = arctg/x !

14.0y=-23 ¢ X

Qy=v7>- 1!

8x-1

15.0 :
y= 5x%- 9

Qy= arcsir{x2 +1)!

17)y= @— 3 :
X2 +9 x-3

x4 T[+3’

Zra{xr 2P

_2x*-8
XN/ X- 2

IN
=
;‘
X

b)y=X-5;

b)y

b) y

X

7X

2- X

- 36

32 +6x



C) y = arcctg

1,
N
18.0)y:i b) y =v12- x- 11%*;

2x% - 3x+1’

_sinx

c)y—ml

4x+2
19.0y=———:;
y 2x2- x- 1

:5x+3|
coS3x

oy

20.0 )y =2,

C) y = 2*tg5x!

21.09?’"2;75;

X“+9

_ COsbx
Qy= PR

8X . X
22.0@?)4_—12,

2 X
c)y=-—ctg—!
)y G195

15- x
23.0y=—"———:
y x*- 5x% +4
5
lg—
0)y=5 "I
3x NG
24.0 ;
-x2 x°+8
1
_ Sex
oY= & po
cosx+ 6
C 2=

1.
7x  x-7°

b) _17, x*-1,
y Jx  3x-4

Y e o

by = 2- 3X
XvX+5 "




oX+5 V9- 4x?

25.0y= : b)y=—uron—u;
x°+1 V252 - 3x+1
:arctg&,
arcsinx
7 2 X% - 64
26.0y= - ; hy=——:
y x2-2 3x?+9 )Y X+7
C) y =arccosy/4x- 3!
27.0y=2%2 . b)y=—22_+/2-5:

X- 2x° ' y [¥- 3

c) y =log,(2x- 5)+i!

X-95
4 x-13
28.0y=——; b)y= ;
Y= 9% 8 )Y =12 2x
C)yzlgx2-5x+6|
X2 +x+1
2 -
20.0)y= X 1. IO))/:\/17 X+\/17+x;
3x2 +10x- 13 xv/16- X2
1
7 X
c) y=5%3arcsin—!
3
2
4X+— 2
x(x-5)
30.0y=—X; b)y=,">~—2;
y 5 )Y 2. oF
X
) ylg x*- 41
N.Cbr 8zolja az al 8bbi f¢sggv®nyeket:
4 315
1. Oy=[2x-1; byy=- —: Oy=%3
4- X cl+

2. y=3)-5x+2; b)y=vx-1-3; c)y=logsx+2!

_ : _9- X, iy L P
3.0y=2x+4; b)y—X_3, o)y 2(smge(+3§!
4. Oy =x- 2; b)y=+2x- 3; Qy=3%1- 21
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5. O)|=|+2:
6.a)y=[3x-2;
7.0y=2)K+2;
8. Oy +|{=4;
9.0y=[3- X;
10.0y =10- |K;
11.oy:%+1;
12.0y=-[7x- §;
13.0y=3- 2X;

14.0y=-(2+|x);
15.0y=-[x+3;

16.0y =[3x- §;
17.0y=3¥- 1;
18.0)y = x+2;

19.0)y|=3- |X;

20.0y = 2+X;

21.0y=|x- 2+2;

22.0y=5-|X;

b) y=-/x+5;

6
b)y=——:
)Y > %

b) y =3x? +6x- 1;

2x-1.
x+2'

b)y =

b) y =2x% - 4x- 3; C)y=coﬁx+%g!
A .

5
b)y= ;
)Y 711

b)y=x*- 2xX+1;

b)y=3- Vx+2;

:5x-3_
5Xx

b)y

b) y = 4x? + 4x- 8;
b) y=-42x-4;

_4x-1
4x+1’

b)y

b) y=x?+6x+09;

b) y=Rx- 2;
b)y=5- Jx;
=2

b) y=3- 2x- x?;

_3x-1

b H
)Y 3x+2

11

Q) y=2tg8- £
c

oy=

Ioglx‘- 3!
2

PG
4+

cy=4%-2!

o)y =|g|x!

X
c)y:‘tQE!

c)y=-2"3I
c) y =log,|x- §!
C) y =|ctgy + 2!

oy=1- 3%

C) y =2sinx- 3!
c)y=[nx- 2!
c)y:%|sinx|- 21
815
cy=ao - 2!
0
c)y=-|lgx+1!
C)y=-|cosx!
Qy=1-2¥2l

C)y:'||092xl!



23.0y=[2x- 4

24.0 ) +X =5;

25.0y =-|x+1+3;

26.0y=3- |x+1;
27.0y=[3- X +4;
28.0y=-|X+2;

29.0y=|x- 1+3;

30.0y=[5x- 7;

1.Hat 8rozza meg az al 8bbomEprg§v®nyek

Oy= X- 3

Qy= Iog‘x+5‘|x- 3!
Megol d§s.
O)A megadottf ¢ ggv ®ny

2x% - 3x+1’

b)y=3- Jx; c)y=2+sin2x!

b)y=x*- 4x+1;0)y= arcsmx+’0|

b)y—— ; C) y=arccosx- p!
El
4x+3 )
b Qy=3M+2
Y= 1 )y
b)y=+/x+2 c)y:|0g1|x|!
2
b)y=2- 6x- x°; c) y =[arctgX!
b) y:‘4- xz‘; C) y = 2arcctgx!
by=-p*-5;  gy=2%t+3l

Ti pi kus v§8ltozat

3- X + 5
2x+4  x+2'

b)y=

m&s odf ok ¥ 2 g3xels0. Kapjekt xlzL'xZ:%.Te h§t

a 1§

D(y)=ze =308 108(“)
2 ‘*5
A f¢eggagv@®nzettlmk kor ®rt el me
x = X-3
ngzo,je( )20, v-3
i 2x+4 i 2(x+2) Y - ¢0
fx+2,0 TIx, -2 X
I ntervall umok m-dszer ®vel, kapj uk

12

megol d8sa

®rt el

a kelt tha 2x°®@8BxtrE, 0.Mego | dj u k k°vet



t e hd (- 2.3
ccLogaritmus f¢sgggv®nyek defin2ci-ja alapj8n

éx+5>0; gx+5, 0, X, -3

|
eed. & Jxes, o3
{[x-3>0;] 1%-3,0;

—> = ———> :
X X X

1

B

vagyis xI (- #;-6)8 (- 6,-5)8 (- 5-4)8 (- 43)8 (3=).
2Cbr8zolja az al 8bbi f¢sggv®nyeket

Oy =[x- 3+1; b)y:‘x2-3x+2‘; Qy=3¢4+1
Megol d§s.
OFel 2rjuk a f¢gggve@nyi=xad &P vieegypeRek ®pE n Vij
X =X-3,y,=y-1 2 gmekapjuk azxO1y1 koor di n§ttgr emalsyzreek az
0(31), ®s bebh 8&br &3zelklifukgga ®ny grafikontjdgy (1 §sc

m8sk®ppyF

1.1 8bra
b)Ki emel j ¢k a :teljes n®gyzetet

~ o 2
§+98 S+2-hc 3§ 1

2 52
X - 3X+2=aXx"- 2X
C 2= 4

¢

13



® 3 §uzamosan eltolijuk ag=x*par ab Ok e nae | yg angeyng &@EnQyi r e

tengel y%m@ryts@lg nmymi r s b & kogeaz\s= 2<;-3x+2‘,vagy's y2 0

mindenxi R. Szi mmetri kuDaneldpelSylhéz ukh grafi kon a
1. 2.t). 8br 8§

V®grehajtjuk p8&ykop a dendsrelhaz@0i(B198ekt orra. Az
xOyikoor di n8t ar endsyieﬁx“tf%rgg@m@mg/z glrjad k keomj 8t az
1) yi=39;

2)yi=§X“ grafikonja szimmetrikus az yij=3" grafikonjghoz az Oiyi tengelyhez
viszohly8sadaatz. 1. 3. 8br §

Va
2]
1L
\/~_ R
0 N X

12 . 8br a

14
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1

8br a
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2.Sz8arsozatok ®s f¢gggv®nyek h

1..Sz8amrsozat ok hW@dl8r®r s®EBE@malkt ENakR fagmggv ®nyt
nevezmedky az ©°sszes term®szetes d(@m8nzoskm hal ma
dik tagja a sorozatnak, melyet, iel jel° | ;®& xzf(n) az 8§l tal 8nos t
k®pl et ®nekKk s e¥§¥m@zxd rgd{z@kﬂm.:j

A sorozatkonvergens s a2 A-hoz konverdl, hab8milyen- 11 ®t&re a sorozatnak
v@essoktagjavanazA sz8m e k°rnyeze@bd 1¢" e>0,$n,1 N," n>ny|a, - A<e.

2F¢ggv®nyek .hat 8r ®r t ®k e
Heine-f® meghaBroz8s:
Az f:M- R MER fi,gogv@y har®@@&e az x=a hely@& az A sz8m, ha

b&mely x=a-hozkonverd- (x ), x i M abszcisszaorozathozart z- f;ggvany@tekek
((x,)) sorozataz A-hoztart lim f(x)= A.
Cauchyf®e meghaBrozss:

Az f:M- R MER f,ggv@y hat&®@t@&e az x=a hely@& az A sz8m, ha
b&mely e>0 sz&8mhozI®ezik olyan d >0 hogyb8&melyaza sz8m d k°rnyeze®R vett
abszcissghoz tart: z- f¢ggv@®y®t& az A sz8m € k°rnyeze@heztartozik lema f(x)= A, ha

" >0, $d>0, hogyhaO<|x- a <d, akkoff(x)- A<e.
NevezetedatSr @t &ek:

1) im 3% =1
x- 0 X

2) jim &+ 13 =lim(1+ x)é =e.
X- ng X = x- 0

OM-2.1

1. lgazolja, hogyaz{xn}zié2n+7gs orozat haAtBIPImM®ke az
|

n-1ly
2Hat 8r 0zza imesgoraozz aatl c8kb bhat 8r ®r t ®k ®t

16



n+2 . 9n+2 72-5n.

1) lim —; 2) lim ; 3) lim
o 3n o N+ 247 e 3+8n
- 2
4) lim 89 11n; 5) lim —— n+ 2 6) lim mren +2n3;
= 6-3n noon? e 4+n+n
2 5 _ 2 3 2
7) lim 2O F2AT gy iy 320 02 +3N7, 9) lim "+>,
ne28-n°-7n n- = 3n"+23 nan
H | _ 2 _ 6
10) lim >0 11) fjm 18- N+9N° - 4n°.
et +1 = 3+4+13n+5n
8 6 _ 4 pa2 4 _ g5
1) fim 1+ 990 §5n : 5n 7+6; 13) lim (3n- 5) 5r15 ;
m=  78-n-n-n°+6n = n3- (4n- 6)
: Jnln- 4)
14) Im%1 8 15)I|m N ; 16) i I m ————;
™ 1 3 1x n’+n 5+(1+n)
N3+5+..+7 . 1+2+..+n,

17)lim 18) lim

e 3n-7 me Jon?+1
Vn?+13 _3/n+5n° +(n- 2)(n+4) |

19) lim Y *22 . 20) lim
)” *}¥n+7n-8 )“' @ (2+3n)°
3 4 4
21y lim — =0, 22) lim Sn 1 *9N,
™5 Bn° - Bn+12" we  Cn
¥M-2.1

Hat 8rozza meg az: al §bbi hat 8r ®rt ®keket

2 /
1. @ lim ﬂ b)||m#;
x- 2 X2-5X+6 x5 Xx°- 25
o) lim SII’]7X; d) lim az2x- 38 ;
x- 0 tg5X x- ngZX 1+

€) Ixi_rrl(x(\/x2 +5- /% +1))!

3 2 2 _ +
2. ©)im 3X 23x X 1; b) lim 6X 35x 1;
x- 8 BX°- 4X+5 w1 8x-1

17



c) lim —)(252 ; d) lim (1+ sinx)*%%;
x- -1 X°-1 x- 0
. SIN3x + sin5x
e lim —————!
x- 0 2arctg4x
2 3 2
3. Q)m XX+ by lim X2 X" * X~ 1.
% o Ox- 14X x-1 X°- 4x+3
. A/Xx+13- 4 . ar7- x9§
c) lim ———; d) lim X
)XI-S x?-9 )xl-ngg- X2
. 1- cos4dx
e lim ——— !
x 0 XSinX

IM -2.2

Hat 8rozza meg az: al 8bbi hat8r ®rt ®keket

. 2_5x+4 . x3-3x%+5.

1. Ilm > b) lim R —
x- 8 2-"4X+9x x- - 7x°- 20
. X-9 . X2- 4AxX+4

c) lim ; d) lim >~— """~
)X-n2x2-5 ) im, x3-8
. X +x-12 _1- cos8x _
e) lim X f) im ————;
X- 3\/)(- 2 - \/4- X x- 0 3x
° o~ 3X ° XHL
g) lim ge)ﬁg ; h) lim a2X+18 ;
x- acX+8+ x- acOX+4+
i) lim (Vx+2- Vx- 3)t
X- ©
_Ey3 4 2 _

2. O)imzi X b) lim 2X+—5X37;
x- 8 4X% - OX+7 x--o 4-X
X% - x+9 2% +11x+15 .

c) lim ———— ; d) lim ———;
x- 8 3-X x- -3 3X“+5x-12
o lim \/x+212- Ja- x ; ) fim SinSx.
x- -4 X +2x-8 x- 0 tg4x
o ~ o XL
g) lim 48 ) lim 82X 18 .
x- scX+8+ x- acOX+4+

18



i))I(i_rr!l(\/x2 +1- 42 - 3)!

4. Iim%ﬂ
x- @ X2 - 4

25x? - 16
x o x3- x2+x-1
. Al2- XA/X+6
e lm —————
x- -2 X°-X-6
o - X
0) Iimae—a3+X8 ;
x- agX- 5+

i)x|i_rrl(3&- Yx+2)!

3_
5.0)imw;
8  X°-8

_ A3+2x- x+4
e) lim >
-1 3X°- 4x+1

X
a4- x@2

g)llmae—o ;
X- ng -X_

Nime L - % 8
x- 3¢X- 3 X2 - 9—

3
b) lim 2%
x- & 2X- 4

2
d) fim 2x°- x-1.
x- 13x%- X- 2

f) lim 293X
x- 02sinx
o ~3X
. afx-50
h) lim :
)X- E1(5;§X+92

b) lim
x- o 4x- 2

d)li
)xl-ml x*-1

) lim
x- 0 5x

3
Ax-2q

h) nma%x— :

19

sin3x- sinx

7XC - 2X% +5

X X2+ x+1



2x3- 3+ 7. . 15- 4x+ X3

6. @ lim : b) lim :
)x—n 9- x° )X-D 2- X
2 2
¢) lim —fx +25 : d) lim —12?( X .
x- 8 Ox - 3X° +4 x- -3 X°+27
.12+ x- X% . arcsinsx*
e) lim =———; f) lim ———
x- 2 X +27 x- 0 SIN3X
o ~ o Xt+4
g IimX+38 h) lim 8X*88 .
x-n(;x+ X-D(;X-2+
) tim (V> +4- V222~ 1)
X- @
. - 2x° . 33- 2x+1
7 . lim @—;7; b) lm =———— —;
x- o 4-"4x+6X° )x- - o x? - AX+4
_ 2
0 lim 2~ 3.. ) lim 2% ¥ 2x- 1
x- o X3 27 L1271
3
3 0]
1- co%- X0
32 +2x-1. 2 =
ON — f) lim — &= =
x- -1 27x°-1 x P& 0
2 )
(;2 -
° X+2 ° o
g lima 8 hyim&%*§
X- @ - X= X- u(; X- 9=
) lim&, >+ X8
x- -2cX° +X- 2 X+2+
_ 2 _ 4_ 5
8. g lim > 2X*+10x. by lim L~ X =X
x- 8 7- 2X- 4X x- & X" - 2X+3
. 5= 7x+ X2 . X?-4x-5
o) I X d :
)xl—nl ox3 - 3x2 ) thlxz- 2x- 3
o 2x%-9x+4 _1- sinx.
e) lim ; f) lim ;
x- 44/5- x- +/x- 3 v P P-2X
2
85+ X a3x- 252
image—o0 ; h) lim :
g)x ngx- 39 ) X- DQEX+22

) lim (x-3- Y1)t

20



3 2 ° X+2
4x°+1 . a3x- 20

9. |Im&(7 b) lim :
3x- 5x° )x- cg5x+22

7x% - 3x+1 3% +2x-1.
c) im —/————; d) lim =2 —=2" =
x- 8 3x3- 2x+3 x- -1- X2 +X+2
V2X+1- \/X+6 . tg2x- sin2x
e) lim X f) |Im—2,
x- 5 2x%- 7x-15 x- 0 X
X
. A&3- 5x@3
I|m 1+ sinx)*'%; h) lim & o ;
g) lim ( ) )| ot
|)I|mge5—- 23 a1
x1cX-1 x°-1+
4 a3 5
10, @y X2 3C*3 b) lim 2= .
x-m X" - 2x°+1 x- 8 3- X
2x- 5 3x%- 11x+6
c) lim d |
)xnx3+x2-1 )x32x2-5x-3
& lim \/3x+;L7- \/2x+122; ) lim 1- coszx;
x- -5 X=+8x+15 x- 0 Xtgx
3 o DX
g) lim (L+ 2x)x ; h) lim %-2X_§
x- 0 x- acdX- 5+

) lim (Vx+2- 3+ )

3 2 3
11 @m —5 3X +35; b) lim —3+22X+X ;
x-'8 7- x?- 5X x- - 83X° - X+4
3
c) lim & d) lim 2)(—8;
x- 8 24+ X- X2 X- 2X“+X-6
2 o ~
X2 +2-42 &1 1§
e) lim : f) lim - —a
)x 0 x2+1-1 )x- OQ%gx smx@
2X-3 X+3
: xX-1 abx- 3
g) lim & -8 . h) lim ge—g ;
x- acX+4+ x-og X+4 =
|)Ilmg-i28!
X OQX X™ =
3 5 3
12 O )im i b) lim w
x- 2 2x3- 5x+1’ x- -8 3X°-5

21



2

C) Iim5_X3—_X; d) ||m —XZ’
x- = 3x°-9 1 X3 +1
fim V7 X VTHX a1 sin®3x - isn’x
X x- 0 X
o 2X
g) lim a2X+5° ; h) lim &> X8 .
X- Dg X- 3_ X- ng - 3x_
i) lim (V- Vx- 2)!
X- Q
2 4
13.0 Jim Ox°- x+1 . b) fim 4x2 5x+1;
x- o 3x- 92 +1’ x- - @ X°-4X
- 2_

c) lim 93X; d) lim X—16-
x- 8 x°-8 x- 4x%+x- 20"
V3X+1- v1- X _sin7x.

e) lim ; f) lim
x- 0 1+ X - 1- X x- 05tg2x
X X+3
g) lim &~ %82 . h im &2 78 .
x- BCL- X+ x- aclOX+ 5—
a s 1 0
1) limage——- !
)x 5¢X- 5 x%-25=
7 _ a5 i
14,0 )im X233, b) lim —2X X *X
x- 8 4- x- 14X o X2 -4
2_ 2 _
o) lim 3)(3 27; d) lim 4X2 +11x 3;
x- v X +64 x- -3 X°+2X- 3
. A2X+1- 1
e Ilmﬂ; ) ||mﬂ;
X- 4[X-2-4/2 x- 0 2%
ﬁ X+
. 41+5xQs3 36x-1¢
Ilma%— ; h) lim R o ;
g)X- 8 CoX- 32 )x ac X+29
i) lim [/ - ¥x-1):
X- ©
- A+ X° 3 42
5 . fimm) XX by lim /X "X~ 2.
X- @ 3xX’-4 X- @ X°- 2X+1
c) lim L d) I|m - -2,
x- o x*+4x- 5’ «/8 -3’

22



V5+Xx- 2 . COS2X- COS4X

e Iim ——; ) lim ;
)x- -1./8- x- 3 )x- 0 2%2
0) I|m(1+tgx)°°Secx h) lim ges—xg ;
x- acd- 3X+
1) Ilmae5— 24 8!
X- 1<;,X— X -1+
4 2 _ 3
16.0)im - 2% . ) lim X~ 3 +9,
x- o Bx? - x*+7 = 3X - X
. 3-%° 8x° - 64
c Iim ——; d Im—;
)x- a 7 - 5x° )x 23x% - 6x°
3_
&) lim 8x 64%13, ) lim arcthx;
x- 33x8 - 6X x- 0 tg5Xx
Bx-2
az2x-19 a3x - 20
Ilm X h) img——o ;
9 (;EX 52 )x oG x+8O
i) lim (Vx- 2- Jx)!
X- ©
3 2 VS
x—°72x 3x x- 8 4x* +x- 9’
2 34 x-
o) lim X 3*1 . d)lim X2 .
x- e 5x®+x“- 9 - 1X0- X2 - x+1
VvXx-3-2 1- sin2x
e) lim f) Iim ——;
X- 7\/x+2 10+ X « P p-4x
4
o 2X X2
g im& G ) im 8298,
X- ug - X~ x- Bg X+ 4~
i) Ilmge?’— 4X28'
x2cX- 2 4-X
5 3
18.0 Jim w; b) lim XS,
x-8 IX°-4 x- -8 2X°+9
- 2 -
o lim X4 d) lim 2 *17x- 2.
x- & X° +5x x- =2 X°+2X
ABx+1-4 . COSAX- COS 4X |
e) lim f) lim > ;
x- 3x% +2x- 15" x- 0 3x
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s po

g) lim (2tgx- 19248,
. P

4

i)qux2+3-diﬁ

3
KlOMn§£—3%iﬂ;
<@ - X

7x- 9
0 lm ————;
x- 8 4x% +X- 2

g) Ime—=0 ;
x- 8cId- X+

i lim (¥/x+4- x)s

3o %2 -
21.0)m XX 1.
x 8 5x- 3x%- X

. B2+ X+2
o) lim X FX*2 .
x-a X' -4

e lim ="~ 2x+7-5,
x9 3-4x

g) lim (cosx)°tgx ;

X 3
h) lim "é‘e—8 :

X- u95-

5
b)||mu
x- o x4 - 3x

3_
d) |,mx—8
x- 22%% - 9x+10’

a 1 10

f) lim ggs—
)xl 0gSIn2x thx@

3
b)||mm
x- 8 X2- Ox+1

2
d) lim 3x° +5x- 42’
x-1 X?- 5X+6

tg3x- sin3x

) lim

x- 0 2X2

2X+L
Q
(0]

.4 bx
h Ilma
)X- n(;gx-l:

5 3
. X -Xx"-2
b) lim ————;
)x— o 3+x4
2_ -
x- -5 x°+125
. COS X- COS? 2X .
f) lim > ;
x- 0 X
X
. Ax+2@
h) lim ;
)x- ng§X-12

24



2,5
22.0)im X X2 3.
-8 Ox’- X+4
. X- 2
c) lim :
) o 3- X+ X
€) I|m oX ;
0J6- X- /6+X '
3X
42x+582
g lime——-20 ;
x- QQZX- 1=
i) lim (x(f - \/x2+5))!
X- ©
2 3
230) 1$)% 3x;rx :
X = 3x2- 53 +1
. 3x%-9
C) lim —; ;
x- 8 BX" +7
2-JIx
x 4\/3x+ -4
) lim (2+tgx)sisre
g) im +1igX)x+pia
-2
)imas - 38
X- OQX X" - X+
24.0 Jim 2 3X3+5 X
x- o 7-4x
0) lim 15x- 2
x o X2+ X +9
. 1-42-x
e)lim ——;
x- 13/X+3- 2
o DX
2- 3X
0) lim&—>%8
x- acd- 3X+

i))l(i_rrl(\/xz- 1- x\/x2+2)!

2
b) lim - 9;
x- o X+3
2
d) lim X +33x- 28;
x-4 X -64
f) lim arctg5x
x 0 sin3x
h) lim as- 4X8 ;
X- ﬂ(;
7-x-xt
b) Im ———;
) Im T,
3_
d)I 27); 1;
S19xe-1
3
) lim 1- COSZZX;
x- 0 xarctgx
33x- 551
h) lim m&3x-5g"
- ﬂ96x+1—
2_
b) lim 4x 5x;
x-a 7-X
2 -
d) lim 5x2 +5x 10;
x- -23x°+11x+10
) lim Xsinx
x- 01- COSBX
h) lim S‘esx—284,
x-8c X+3 +

25




) lim (/Bx - Vx+5)!

27. 0 )im
>)<- o 4- 3%
X- 2

c) lim ;
X- Ux +3

e Iim
), 64+ x°

g)lim (2- cosx)% :

123 - 8x+3

4- y20+X

7 5
b)Ilmgx X;
x - a x® - Ox

3x2+x-10.

d) lim

x- -2 x*-4

COS4X- COS2X

i
) b 5x°

az- Xo

h) I|m aes—_ ;

_5
b) lim =X,
x- - ax° - 3

2
@) lim X2
x 04x° - BX? + X

2 -
f) lim X zlnx
x- 0 tg~3x
X
asdx-1as

h) li & :
)xl-rrl(; X - 22

-2
-ox? +4x
2
d) lim 3X 20x+12
x- 6 2x2- 11x- 6

b) I_|

. Sinx+sin5x
f) lim —;
x- 0 3x

ax3o.

h) ||m T

|)I|mge7—- 25 8!
X 5(;X-5 Xc - 25+
3 _ 2 _ 3_ 2
28.0) 3X 32x2+x 1; b) lim 2X° - X +5;
X- @ X" - X +1 x- @ X+5
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) lim (V2x - VB+x])

7xt-x%-1

29.0)i ;
)- o 2x* - 3+ x

9- x?

3 ;

c) lim
x- o 5+ x

e) lim 2¢ -
x 0d/x+4- 2 J’
5x- 2
a3x- 10 3

0) I|ma%x— ;

i)nm%ea
X- Og

X
x

30.0 Jim

€) I|m

J_ J_

2
g) lim (1+3x)x ;
x- 0

DyQ&J%+6-J%-ﬂ!

3
d) lim 216+ X
x- -6 X% +2X- 24’

. Bsin2x .
f) lim ———;
x- 03arctg4x

° X-3
h) lim 852X
x-Bc X- 2+

5
b) lim 2x4 3x+2;
x- -8 XT+Xx-1
3x%- 5x+2

d)li ;
)>!-ml x2-1

5x
f) lim ——
x- 0sin3x+sinx’

h) lim S~ :
)X- 82X 42

2
b) lim 3 - 2;
x- o X+2

d) lim —>—=:
)x 2x%- 3x+2

f) lim -2
p ctgx

X-

arx- 102
h) lim :
)x BQEX+3—



Ti pi kus

Hat 8rozza meg az: al 8bbi

_3x°- 5x*+3x- 10
1.lim 3 5 :

x- 8 4x° - 8x
Megol d§s.

6 _ £y2 _ .
im 3X°-5x"+3x-10_eérng_

v8l tozat

megol d&sa

hat 8r ®r t ®k ek et

o 43-8¢ 8l
B 5.3
= lim —¢ >§4X~X-:-§
o X6%§-88
(;X -
3
2 lim 4- 5X+9x
x- o x> +3x- 2
Megol d§s.
04 5 ~
3 . X3%§_ 99
jim 47 XFIC ROy o X+
- .a 2 _ & o ~
X X°+3x- 2 8{:[{1 X ngé,+§- 8
o X =
Xge%-%+98
X" X +_-®
lim —& 5 5 =g ="
X- - @ 4+°. s 4
X X
o 7~
2 XZ%'jg
Xo-7 _edg_ c X+
3.lim lim — -
x- 2 3x*- X3+ x?- 3 80Hxn%11 35
Xoo- * o7 40
o X X X+
1- . .
lim —; I Xl 3~:;:o
BRES Soh e 1
c X X x'=
x*-25 _&0g_. (x-5)(x+5) _
4.1M ————— = a5 = =
x 52x2- 12x+10 80H x 52(x- 1)(x- 5)
. x+5 _10_5
im ——="==.
x52(x-1) 8 4
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Jx+3-2_e0g_ (Vx+3- 2fVx+3+2fVx+1) _
X1 Jx-1 8ok| w1 (Vx- Yux+1fix+a+2)

o (3 ) (x- )
x1(x- YWx+3+2) x 1(x- )Vx+3+2)

=lim Vx+1 _Vx#L _2_ l
x- 1JX+3+2 4 2

Lp- X
0 . 2sin?

_ QOo_.. "~ 4 _
L PR Y

2sin? = X &in? % sin? =% 1.0
lim 4 4 =Z|m ==-0==0
xp 4P )(erX) 2xp ptx 2 2p
4
2X Q
43x+ 105 &  3X+1 _§s
7.1im 1° limag+ -1 =
03K 29 =kl % -2 2
2X 2x
IIm%+3X+l 3X+205 %_'_ _
x- B¢ 3x- 2 + X ac 3X - 2?
X2y 3 X 6x 6 2
= lim %+ 28 3 325 _ im el5x10 = 15 = g5
X- u(; X' - X- @a
A+7X
adx+30 . +7 -o
8. I|m = lim 2™ =2" =0.
i

9.)I(i_rrl(x(\/x2+5- VX - 2)):[o 1E

(\/x +5- - 2\ +5+Jx2- 2):
X “ \/x +5+\/x

(x +5- X +2) _ lim 7X

o . o q -
: KR " x£/1+52+\/1 %
¢

-000O
NN

X X
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3A f¢ggv®nyek folytonossS§

Azy=f(x)f ¢ggv®nytDhanehamekz t@rtem@a@ay@si f ol y:
nevezzxipontbarzaD-b RI Jim h@=f(x) Ez a felv®tel ekviva
X- Xo

felt ®t el ekkel

1) f(x) ®r t el me zxypentbara n a z
2) f(x-0),f(%+0)- bal ®s haBhr® @K@dkelzine k; ®s v®gese
3) f(xo-o): f(x0+0);
4) 1(%- 0)= 1% +0)=1(x).

Ha ezen felt®tel ek k°z¢l fiwaflcagngevl &niygkn enke ma zt
pontban szakad8sa van.

Az f:M- R MERTf ¢ggv®x3a pontj §8bhanonmem fdel ylt®t
vRges jobb ®s bal oIdadlisEkﬁagjrzglﬁ()@;X!irg)k()é:,A,akkor

akkoras zakad8s megsz¢intethetR

Az f:M- R MER f ¢,ggv®n¥=a pontj §ban nem foly

lim f(x)=° oésx!irar]of(x):° t, akkor na§ ssozdafkaajdyg s

x- a+0

OM-3.1

1.Hat§rozzz§yk:(7m6)g(3x2a3)f¢ggv®ny folytonoss§g§g
(hal maz8gt)!
2. Adott az al 8bbi f¢gggv®ny

5
ix*+2, ha x<0,

cosx, haot¢ x<%,

f(x)=

X - B, ha x2 E.
2 2

— ) =) —t——)

Cllap2tsa meg, milyen szakad8sa van a megado
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8
3Cl |l ap2tsa-eargyg 2(X+4)ff o¢l gygt voBsr=yt ® a&xz=- 4 pontokbah

¥ M3.1

1.1) Cl 1l ap2tsa meagz f{xp=l6xt19)/if3r49) f sggv®ny a
x=-1 x,=-3 pontokbahK ®s z2t sen v8zI|l atos 8§br §t!
2)Adott az al 8bbi f¢siggv®ny

2, ha x<0,

—>—> —> (D:

f(x)=i2cosx, ha 0¢ x<%,

— —) —) —

4- X, ha x2’2.
2
Cllap2tsa meg, milyen sz akKa®s§zs2at sveann va§ zn eagtaod
ClI |l ap2t sanosweagf(x)i—zé(ilfyft 09 gv®yy0 Rasx,=-4

pontokbahK ®s z2t sen v8zI|l atos 8br 8t !
IM -3.1

1.Cl | ap2tsancsahegzal Ebbiyt b Pew®nysel ®LzK at os

€x+3, x¢O0, éx- 1, x<0,
1.1. f(x):{l, 0<x¢2, 1.2.f(x):l|sinx,0¢x<p,
X2 2, x>2, {3 x2p.
él- x, x<-1, él, X¢O0,
13. f(x)=1x2+1, - 16 x¢2, L4f(x)=12% 0<x¢2,
t2x,  x>2. tx+3, x>2
g2- X, x¢-2, e3x+4, x¢-1,
15. f(x)=1%*, -2<x¢l 16.f(x)={x-2 -1<x<2,
12, x>1. bx, x2 2.
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éx, xX¢1,

~

17. 1(x)=1(x- 2%, 1<x¢3,

%G-X, x> 3.

('D

X<-1,
1 1¢ x¢ 3,
5-x,x>&

1.9. f(x)=j

—_——) — —)

§X+Z X¢O0,
1.11.f(x) =

F3x-1, x21.

é 2, x<0,
{anx,0¢x¢p,
- x,

1.13.f(x) =

X>p.
é—b<x¢Q

115.1(x)=1 %, 0<x¢2,
X+3, x>2.

éX+1 X¢O,

1.17. f( )-.(x+1) 0<x¢2,

}4-x, X>2.

- X, X ¢ O,
x-17,0<x<2,
£ X- 3, X2 2.

1.19.F(x) =]

__’__’('D=

€2x%, x ¢ 0,
lZLbe:{-x,O<x¢2,
}X+Lx>2

éx- 3, x<0,

1.23.f(x)=1x2- 3, 0¢ x ¢ x2, 1.24.f(x)=10,

%x+&x>2

€x, X¢O0,
1.25.f(x)=12x%, 0<x¢1,
13+x, x>1.

- x*+30<x<1],

1.26.1(x) =1 2x,

gx-l, x<1,
18.f(x)=1x2+2,1¢ x ¢ 2,
- 2X, X>2.

ex, Xx<-2,
110.f(x)=11- x,- 2¢ x¢1,

}X-LX>L

§O, X¢-2,
112.F(x)=1%*- 4,- 2<x¢3,
%2& x>3.

€3, x<-1,
1.14.f(x)={1- 2x, - 1¢ x¢1,

Hnx, x>1.

§x+4 x<-1,
116.F(x)=1x2+2, - 1¢ x<1,
tax,  x21.

ex-2, x¢-1,

1.18.f(x):§x2- 4,-1<x¢0,

}5-& x>0

& 3(x+1),x¢-1,

120f()-dx+ﬂ - 1<x<0,

}2& x2 0.

a2x, Xx¢1,

122.1(x)=1x¢ +1,1<x¢3,

:x+2 x> 2.

€J1- x, x¢0,
0<x¢3,
}x-& X >3.
gsMx,x<O,
0¢cx¢3,

}Q X>3.
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Aécosx,xd:’g,
2

{ éx- 2, x¢O0,

_1 14 _T.2
1.27.f(x)=10, Z<x<p, 128.f(x)=ix®, 0<x<2

i i

i, x2p. La(x- 1), x2 2

f

éx+1, x<0, Ex*+1, x¢0,
129.1(x)=1x®- 1, 06 x<2, 130.f(x)=11- %, 0<x¢2,

:,-x, X2 2. lox, x>2

|
2.Cl | apz2t s ancsake gza | 8fbd d/gek@megadotpontokbah

IS
N

2.1. f(x):8x' -1 =2, % =3

2.2. f(x)=—="-; x =3, x, =5.

23. f(x)=5¢3+1 % =2, x,=3.

2.4 f(x):xf)-(l; x =1 %, =2.

25. f(x)= X27_X4; X =2, X =-2,% =3.

3
26. f(x)=2x2+1 x =-2,%x =-1.

5

2.7. f(x):4ﬁ+2; X =2, X =3.
8

28. f(x)=31-2 x=-1, % =0.
4

29. f(x)=51-1 x=-1, x,=0.

2.10. f(x)= DX =2, % =3,

211, f(N)=X*2, x =2, x, =3

x-2'
212, f(x) =223 x =-5, x,=-1
12, v , % :
i+l
2.13. f(x)=3"* ; x =1, x, =2
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2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

2.20.

2.21.

2.22.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

f(x):i; X =1 % =3.

f(x):—; X =-3, % =-1

f(x):6E +1 =3 X =4

1
f(x)=75*+1 % =4, x, =5.

f(x):x_3; X =-5, %X =-4.

X+4

f(x)=2—; % =3 x =2
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Ti pi kus v§8ltozat megol d8sa

1.Cl | ap2tsanocsmazg| §bbil yt Pegv@mye n®s 8k |l at os §¢k

& X2, x¢0,
F(x)=1(x- 1°- 1 0<x<2,
}3- X, X2 2.

Megol d§s.
Az f(x) f ¢ ggv®ny f(-oal0y, t(02h ® {2;+ & intervallumokon, mivel

ezeken elemi f ¢ idgh®byk @nt zxgRksgpdognpt eotksbaakn alze h et

1) Azx=0pont eset®re kapjuk
- T 2\ . _ - 2 _
lim f(x)= _up_o(- X )—O, X!lr(131+0f(x)— lim ((x-l) -1)—0,

x- 0-0 X x- 0+0

f(0)=-x%,0=0,vagyisazf(x) f ¢ ggv ®ny fxo=l0pantban.os az

2) Az x,=2pont eset ®re kapj uk
im f(x)= lim {(x-12-1)=0, m f(x)= im 3- x)=1, f(2)=(3- ),,=1

X- 2-0 x- 2-0 X- 2+0 X- 2+0

vagyisaz x, =2 pontban azf(x) f ; ggv®nynek el sRfaj % nem megs :

A f¢iggv®ny grafikonja az 3.1 8br8&n van 8br 8§z
1
2.Cl 1l ap2tsa noseeag, f(xX)E412y3 b ¢ ggVvB®XE20sX =3

pontokbat
Megol d§s.

Az x, =2 ponte s eit ®r e

vagyis x, =2 pontban azf(x) f ¢ ggv®nynek m8sodfaj % szakad§sa

Az x,=3 ponte s et ®r e

lim f(x)= lim gaiz +38=7
x- 3-0 T x 3-08‘3 2_ '
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5 1
lim f(x)= lim &~2+3

X- 3+0 X- 3+o€e

:7,

-OO0O

1

f(3)=4%2+3=7.

Tehdx =3pontbanazf(x)f ¢ ggv®ny folytonos.

[
|
1
|
xXV

3. 1. 8br a
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4. Aderivgl t f ¢ ggv®ny

Legyen Dy = f(xo+Dx)- f(xo)- azy=f(x)f ¢ ggv ®ny nazx edathe®ny e

mely as® @ @ ar gument um n °felekkeg.®n y®i(x ke ggv@ny

pont hoz

tartoz- deriv8ltjg8§nak az al 8bbi hat §

fi(xo)=x'.i”;‘of(X°+D(D>)<_ sl

Elemi f¢siggv®nyek derivg8ltfgiggv®ny

it y=f(x) yi= fi(x)
1 C (cons?) 0
2 x? (a . 0) axd !
3 a*(a>0a, 1) a*lna
4 et e
.1
5 log,x(a>0,a, 1) log, eG.
1
6 InXx -
X
7 sinx COSX
8 cosX - sinx
1
9 tgx
cos X
1
10 ctgx - —
sin® x
_ 1
11 arcsinx >
1- x
1
12 arccosx - 2
1- X
13 arctgx 1
1+ x?
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1
arcctgx .
14 g 152
15 shx chx
16 chx shx
1
17 thx
ch?x
1
18 cth - —
X shx

Derivs8l 8si szab8lyok

Haazu(x),v(x)- k ®t deri v8lakkart - f ¢ggv®ny

1. (u+v)i =uj+vj;
2. (Cu)l =Cui(C = cons;
3. (uv)i = ujv + wv;;

aug' ujv- vju
4. £0Q =———,
(Y \Y;

5. Haazy=f(x) f ;ggv®ny despost haw=g®ykizaaggv ®ny

deri v§lypafx) akkor azz=gy<f}eeteuw®i s derxvsl hat

pontban, melyek d e r i \e@Iytem(&O)l-}-gi(yo)Gi(%) (°sszetett f¢ggv®n

szabsgl ya)

Ha

Legyen a f¢iggv®ny param®teres al akban meg

ex=/(t), .
ty=y (0, (a.)

teljesksli(t f hamw day) infewallumoni nvert §1 hattt-e z(ikag

inver zf ¢ogtgpy &y pkgrazgsder i v8lt kisz8m2that- - az &

_yilt)
I
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OM 4.1

1.A defin2ci- al apf&n3‘healf fov@ydaidtisheg az
2.Deri v8ljaggev®ay&bei f ¢
O)y=x%tg7x; b) y=e sinbx; ¢) y=3¥x*- cos x;

4
d) y =35 €) y=xcos x@; f) VZSXZ; %
(S

— 3X2 B 1 _ % ; - -UxP+2x |.

9 y={3zsp My=4" |)y—sr?(x 2),
a e @
j) y=chharctgy/2+x?; K) yzSIogﬁaee—gg
g%wccosx 0

3.Logaritmi kus der ier8il 8B&lij a zaazd 8d ly§ mHd ia pfj g

Qy= (Cos4x)sin3x; b) y= (X2 +1)t95x; Q) y= (In 2X)><2 :
0 y= e

(x- 2P(x- 7)
4Derivsgljax)aar ans®baklrack ban megadott f¢sggv®r

£Xx = 2cos't,

Ex=t? +t+1,
}yzZsin"’t!

b
Ty=t+?-1 )

a)

¥ M4.1

Deri vgljagpw®my e&kati f ¢

cos x- 1
1. 0)y = x’tg°®5x; b :,/_—;
)y = X1g75x )y sin2x- 1

Qy= (3°°'°'2X + sin2x)4; d) y=xcos x@&";
e y=(ctg2x)"; f) &V - x*+y* =5
Bx=t%- 2t
f y=t>+t>+1!

X3

2.0)y=—r; b) y=(sin5x+ln2x)

3-
sin3x !
e
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C) y= 3)(4— sin3x;
e y = (sindx)®;

éx=Int,
9 ty=(2t+1)cost!

d) y = xtg°x@in5x;

f) y?+x°- sin(xzyz) =

uv-4.1

Derivsglijiafaggal®hlyr ket

Q)= 3&+—- 4+ 2
x*

C) y =cos 3xGin4x’;

e y=(x- 3° GH3x;

7arctg(2x+1)

(x-4f

k) y — (thsx)arcsinx;

9) y=

m) siny = xy* +5;

O)y:%- §+5‘{/F- 2X°;

0) y=sin?2xy(5x+ 2)°;

e y=ch*(2x+5)&/3x- 1;

) _5lg{3x*- 1),
R PR

i) y = (cog(x+2))";

1

b) y=3%/3x*+3x- 2+

3 .
(x- 2F
d) y=4(x- 2) dn(x?- x+2)

arcco§ X

_€

D y= 2 2og,x- 2¢),

_x+5(x- 3)*.
1) y—w,

)px 6t - 4,
[y—3t5!
2.

b —\/ X - 5
)y 3x +X- 4
d) y=2*CGurctg®5x;

V1+x- X

X

f)y=

h) y=3

2xjr]1-dg(4x+7);



K) X3+ y® =5x;
2 1 2
O)y=5x - 5- —+5:
)y < x T x

) y=ctg*7xCrcsin8x?;
e) y=th°2xdn®2x;

Sarctg2x
(2x- 1)

i) y=(shy";

9) y=

k) Vx+.\y =7;

o)y =/x+- Srox
X X

) y=tg7x®@rccos 3x;

e) y=cth*(7x- 1)&x- 2);

_In(7x+5).
9 y= B-xF

i) y= (In(x+2))°°sf

k 2:X'Y.
)Y Ty’

Oy=1-2+ic - 5,
X X

c) y=arcctg’(7x- 3)Gin2x;

éx=arcsint,
I
jy=Int!

3.

7 2
b) y= - 3/(x- 3)°;
)Y (22 - 3x+1f (x-3)

d) y=2°*Qrcctg*x;
Ze- 2X

f)y=—/——;
VX2 - 3x+2

X -
X+

(x- 4fVJx- 5.
(Bx+1)°

h) y= 5 Co\,os(3x 5);

y=
|)| =In?t,

jy=t+int!
4,

b) y:L+5\/7- 2X- X
(x- 4

d) y=In(2x- 5)Ctg3x?;

(3x+1)?
fy y=—-—";
)Y s

5x+1

h) y=g/2 —; n(3x- 4)
Y2x+1(x- 5 .

ny= (2x+3)°

(x - 33X+ 2)3
d) y=€9"@os'x;
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e y=e¥ @nhy;

2log,(3x- 1),

(x- 7)°

i) y=(log,3x)™™;

9) y=

k) cosy =X’y +6;

Oy=5¢- S +6dx- 1,
X X

C) y =sin’3x@os’4x?;
e y=(4x- 2f° GH2x;

_arcsin(x+1).
9) y= W

0 A4 LOS X
. _alg
) y=e&o

k) ctg?(x+y)=

oy=2/x- S+,

) y=tg/x Garcsir? 5x;
) y=lg?(x+3)@th*2x;

_ 3logs(2x+4).
g) y - (X- 2)2

) y=Rhe =",

b) y=

d) y=3(x- 1) dog, 2x;

9 .
7- X+2x°

) y_M
h) y=

N Rdx-2
y=

y P2,
fy=qt-11

b) y

f)y=

h) y

HDy=

7.

=4\/(7- 2X - xz)3 -
d) y:\/E@rcsin&;

5X*- X+2

X3

€

- 4x - Gh(
4x+3

8/2x+5

(Ex+1f(x- 2f°

42

(7x- 2F (x- 4}

3(x+5);

@rctg\/ X+1;

(x- 3F’

1)



K) x°y* +x=5y;

1 9 2
Q=8+ +>- 2
)y Yx x X

) y=cos 7x@rcsin2x’;
e y=tg*(x- 2)dn?2x;

3arcsinyx .

(x+2f

)y =(In2x)>";

g) y=

k) x* +xX°y* +y =4,

O)y =4/x +£)-§ 4x°;
X x

c) y = arctg*(2x+1) os4x®;

e) y = arcsirt 7xG&x;

_ o _4In?(x+2),
g) y_y_ (X+2)3 ’

i) y = (chdx)x;

K) y?=x+InY;
X

0y =18/x - %+4x- %;

f)y=

Qo
e
I

1 ooy,

<
I
0
~—+
+T
=

o

b) y=3(9- x)* - —; 2

4x% - x+5'
d) y=e* Gurctg®4x;
esinx
cos2x’

h)y y= Q;ln 2X - 5

(3x- 4)°(x- 1)4;
Y(x- 2y

px 5sin’t,
[y 3cos’t!

0.

—7/(o_ 4 .
b) y=%(2- x) +m,

d) y=In(x+4)&rcctg®3x;

y=

COoSsbx

f) yzw;

_|4- X 4 2_ )
h) y= m01)92(3x 4)
L 8(B3x+4)
D e o e
fus
) j t

fy=t?Int!

10.

b) y= G 7x) +32- 3x+4%°;
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) y =arccos8x® &in’3x;
€) y = arctg/x @&h*3x;

In(7x- 3).

g) y= (X+1)5

) y=(lg®x+1)*

K) xy*- y®=4x- 5
4 e 9.
O)y T-X—+5 ;,

C) y=arccosyx+5G&in’2x;

e) y=th?(x+2)@oq2x+3)’;

9 y= 4Iog4(2x5+ 3)_
(x-1)

i)y= (cth2x)m,

k) xy- 6=cosy;

Q)= 445 - +2x i

X3

c) y=arcctg®2x Gzos(Sx +1);

e) y=cth®(3x- 1)dg(2x)*;

_3lg(4x+7).
9) y__(ZX- 1)2 ’

d) y=5 Gin5x’ - 3),

sh2x

e
fyy= :
)y xX2- 4’
h) y= )| 2X gCSm(4 x);
. ax- 1) 1)
) yo o Vo
Y(x+7)
) f;\x arccog,
Ty=v1-t1
11.
8 3
b) y=r——3-3Yx-1);
) Y (3X2-X+5)3 ( )

d) y=7(5- x)’log, 4x;

_AX%-5x+1.

f) RIS

TX-
X+

¥Y5x +1
(x- 3P(x+2)*

h) y=

cm(s 1);

Dy=

gx:sinz,
%y:coszt!
12.

b) y=¢(x- af - 2 _;
) y=/(x- 4) m
d y= arctg“?x('l'h(\?.x2 - 4x);

COSHX
f) y= W’

h)y y= / Co\,os(2x -
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318
) y—%ﬂ—o )
o X+

K) 3y =7+ xy’;

8 2
Oy=2¢-8xt+-2 - 2
)y \/; X3
) y=+arcsinx Gg*(2x +3);
€) y:es*”‘(']'lw(?x2 +5x - 1);

) :2In!3x2-4!_
A )

i) y=(log,(2x+1))**;

k) tgy =4y - 5x;

Oy=7¢- ac+2. 3,

X X
0) y=tg?(9x +1)&in7x’;
e) y:5thx®cthx;

_ 6arccoqx- 3).
g) y= (X- 2)2

|) y= (tgx)chX;

k) y=7x- ctgy;

(2x+1)°(3x- 2)° .

- 2y

Dy=

o a
) Bx=¢’

Ty=e?!

13.

9 5 - A3X° - 4x+5;

b) y=(6_ )

d) y =79 @os 3x;

y=dc 2,

3x?

e
x-1 . .

h) y =8/~ Garcsinyx;
X+1

(9x + 4)*(3x - 1)° .
Yx- 7y
ex=3(t- sint),

) : y=3(1- cost)!

y=

14.

_ 7 3/ 2 :
b) y_zs_—xi"F-i- X - X+1;

d) y=In°sinx(os’ x;
thx

— e .
fy= (2x+3)°"

3X- 2 .
h :7‘/ Qirctg/ X +1;
)y 3xX+2 g

V2x+7
x- 6)°(x+3)"

J)y:(

ex=3(sint - tcost),
t y=3(cost +tsint)!
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15.
a) y:%- 4\/?"‘12)(3' g, b) y:m- (3)(2_—2)(_1F,

0) y=ctg®2xCrcsin'3x®;  d) y=Ig?(2x+3)&in5x?;

- 2X

e) y=log, shxércsinvx; f)y= \/%;
X
lg(x*- 4 5- X 4 (403
= ; h) y=3 dn{2x’ - 3);
gy (X- 2)5 ) Y 5+ x (X )

. — 2+1&; i :M’
) y=0c+1) L P
e ex=arcigs
k) sin (3x+y )—51 :,y:|n(1+t2)!
16

7 8 9
OW=2Ax+—--2+3 b)) y=%4x-7P¢- ——
=20+ ) y=4(x-7) - ]

C) y=arctgVyx+20ag*7x*;, d) y=arcsinVx+2&";

€) y = arccossx @h’3x; f) y= \/(29273;
X -
arcsinyx- 2 7+X .
= h =9 (o '2,
R ) y=3/-— og,(x- 2)
. o X . & X+83
i) y:(s}*Qx)' %3 ; y= (X- £)4(4_) X)G;
0 & =ax- 7 N g£x =arcsint,
e =4x- 7y; ]
Y %y=\/1-t2!
17.
4 3 11 2
Oly=2Vx- Z+7x¢- 2 b)y= 2/(x- 8
=20 T b y= o - x-8)

) y=cod2x+5)Qtg3x?;  d) y=3*tg’2x;

5’

€ y= 4(3x - l)zcthsx; fly= W;
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_ 3|095(X2 N 3).
g) y_ (X- 1)3 d

)sl‘Gx

i) y= (arcthx

K) y*+x* =siny;

Q)= 9\/_+ 7+ 8.
X

) y =ctg5x* Gin’®3x;
e y=(7- x)’Gr2x;

_ sin(5x+1).
9) Y—W,

i) y=(ch2x)™;

K) siny =7x+3y;

0) y = arcsin/x (tg®2x;
e) y=7"*In2x;

3log,(x+3)

9) y= 193

i) y = (cth/x .

K) y=¢" +4x;

Dy=

h) y:\/sx 7CSln(f:’»x +5)

3X+7
(x- 1(3x+2)° .
Yx- 2

éx =5cost,
:' y =4sint!

18.

b) y:3\/(9+x- x2)2 S

(x+5F"
d) y=2"*&rcsirtVx;

_Ux+3,
f) y_ e—3x !

h) y:?;/gz(:jr@os(?- x);

oo
(2x- 3P(x+1)""

Ny=

Ex=5cos’t,
) x=7]
[y—SSln t!

19.

b) y=8/(x*- 3x+2)- ( 8

x+5)3;

d) y=5°%arctg’x;

2 etg 3x
3x l

f) y=

h) y= Gl)g3 2x+9

(7x- 2)*(x+9)° ;
J(x-1°

£x =€ cost,

Dy=

1)
fy:etsint!
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O)y:7§/F+ﬂ- %+8x2;
X X

0) y=4tg7x* @os2x’;
€ y = arctgy/x Gh®(x +1);

tg(2x- 5).
In(2x- 1)

9) y=

|) y — (Si_BX)arctQZX;

K) Iny

><I~<

- 1

Oy=¢x- 6+ 2,
X

X

) y=tg°(3x- 1) Gtg7x?;

) y=arctg®3xH2x +3);

_2(x- 3
g y= N2 2x
i) y=(g7x);

k) tgy =3x+5y;

O)y——- 8\/_+— ox;

c) y = sin*5x@rcsiny8x;

e) y=(4x- 3°sH4x- 1);

20.

7 3
b) y= - }4- x)7;
)y el (4- %)
d) y =sin’(3x* - 1)@os3x’;

In2(2x +1)
x> +x+3’

f)y=

Ry y =3/ (- 3);

21.
b) y=%/(x-

d) y=log,(5x +1)&in 3x°;

(x 3x)

4x2

e

f) Y=

h) y= Chrccos(Zx 1);

(><+1)5(x- 1)
Y(x-3f
| px 4t + 212,
[y 5t°- 37!

Dy=

22.

b) y=32x*- x+5+

3 .
(2- %
d) y=cos'(4x- 2)&";

NT- x- 2%
f) Y=g
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_7in{x*-1

! ) _, X+2 . 5 )
sin?(x+1)’ N y= \ x- 2®g(5x ) 3)’
e T P (=

Q) y

K) xy =ctgy, )

O)y=4\/§-%+g-8x9; b)y:ﬁ-7\/x2-3x+4;
X_

) y=(7x- 4 arcsin/x; d) y=cos(5x- 7)0y 3x;

tg3x

= th2x h3 : f :e—1
e) y=e"“ch’x )y (x+1)2
:M- h — O9- X . 5 4):
9)y an?(x- 3)’ ) y=38 9+XCD‘1(3X ),
a 7
i) y = (arctgax)™™ iy y= X3 (xro)
U(x- 5f
6. 2
==,
k) y*- x=cosy; ) T 11'2t
1 = |
YT
24.

o=+ 3 Troe R o e o Yo 2R

c) y = arctg®8x @os2x*; d) y=5% sin’3x’;
2<:th3x I,.F . f — eChX .
€) y=2""shrx; VY=o o
) y:InZ(x+2)_ h) y=2 2X+7®os(3x2- 4)_
. (x-5) ° Y V2x- 7 ’
o X3
) y=318 D y= o
¢ X+ (x+1P(x- 1)
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k) 3x+siny =5y; 1) j

0] =123\/?-i+§-3x5; b) y=3/(7- x)" + 6 :
)% 7 ) y=3/(7- %) W

) y =+ arccos3x &ir’ 2x; d) y= arctgzx& ®05(1+ X)Zi

- Ctg2x
) y=arcsin/x GH'/x; f) y= e :
cos’ 2x
_5In(7x+2) . _ |5x+3 4 ).
9 V= e a) )y =, o dog(7- )
0 7
i) y=(In(7x+4))° )y= (x- 8] (XZS)
Yx+1)
Hy — o 2
k) y*=25x- 4; ) Fx-ea ’
[y=e"!
26.
o)y:]_ﬁ/;+7x3- %+§; b) y=+v2x*- 4x+5- (49 )5;
- X

C) y=arcsirf5x@g(3x+4); d) y=log,3x* &in’4x;

€) y=arccos x@h’x; f) y:—“ezs_xl;
_4cos(x- 3). _[x+10,
0) y_—lnz(x- 3 h) y= 10 Garcsin3x;
- e, N (G
i) y—(|9(8X+3)) , Dy (2X+3)3(X- 1)5’
K) arcctgy= 4x+5y; ) FXZ\/I’
[y=%t!
27.
_3 - 4x° i_g - 4 _5/(y_ 2B-
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C) y=. arctgx&in° 2x%,
1.,

€) y=arcctg= Gh*x;
X

In?2x

g)y( 2)'

i) y=(cos5x)™™;

K) y=log,x+2y;

(D)y_—- 3,4 - 5x°;

Ix x X
C) y=. arctgx&in° 2x%,

€) y =cth°3x@rcsir' 2x;

9arcsinv/x _
9) v= In \/_ ’

i) y=(V3x+2f ",

2 2
k) X+ =siny;
) 5+ =siny

12 2 7 g5
= - — 4 — - X,
9y X x X

C) y=sin¥/x Grctg2x;

e) y=2(7- x’ch?(2x +1);

d) y=31- x)'In*2x;

5X

DY ez
h) y=24 2 zcarccos(ZX 1);

(x+5)'(x- 1.
?(x- 4)°

gx=6cos’t,

fy:ZSin3t!

28.

b) y= ! > +4/9- X- 2%;

(3x- 4)
d) y=12carcsirfV/x;

f) y= NG 3x+1

) y=

)

h) y=¢




¢)) y=w' h) y=g/tX- 10“( ),

(x-2f 10x +

10 7
i) y:(Iogz(3x+5))§; ) y:(7x- 1"(x+2) :
Yx- 3f
x = (2t +5)sint,
K) y®=8xy+7; |
) Y =8xy+ ) :y 421
30.
8 4 6. _ 4 2.
O )y =15%*- tet +3x%°; b) Y= o rE 3(x- 2);
) y=ctg®(2x+3)¢rcsinx;  d) y=In*(2x+1)&@og2x+1);
€) y=e"*ch/x+1; f)y cthx
4In5 3
0) y:(x24))(3; h) y= Xt CDog4(5x 2);
7
) y=(cthsx)™*; ) y= Ulx- 5)

(x+ 1P (x- 2

22 x =3cos’t,
K) X+ Y~ cosy: P
8 7 [ y=2sin’t!

Ti pi kus v8ltozat megol d8sa

Derivg8lja az al 8bbi f¢ggv®nyeket
Oy=3x- 2+ - 2x+3

X
MegolB s .

3
yi=3@h¢- (- 3)X_4+§X5-2:12x3+1_5+2 X3 - 2.
x*

6

b)y=4(3x2- 2x+1)3- W;
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Megol® s .

_3p23x-1) 123:§c") N
47432 o (x-2f 2
C)y = arccosVx Ag®(3x +1);

Megol® s .
_ 1 .1 . s
=- —— O~ &g®(3x+1)+arccos/x @Btg®(3x +1)3

6 A5
s 1 e 19°(3x+1)  18arccosVxdy®(3x+1) _

cof(3x+1)  2/x&/1- x cos’(3x +1)
_18arccosy/x g°(3x+1) tg°(3x +1)
cos’(3x +1) 2/x(1- x)’

d) y =In®5x Garctg8x?;
Megol®B s .

yi=3In? e G Carctg8x® + In35x("3174 A6x =
S5X 1+ 64X

16xn35x

= 3in?sx Carctg8x? + .
X 1+64x

e)y =e ™ (3h2x;

Megol®B s .
yi=e % qlox)BH2x+e % Bsi2x@h2x (2 =
= 26 > sHP2x(3ch2x - 5xstRx).
fy= V3% -35x+3 ;
2™
MegolB s .

3X
(6x- 8™ V3% - 5x+3G* @3
._}(--32\/3x2- 5x +3 _
y|—2

6X -

e

_1.8%(6x- 5- 33[3x*- 5x+3)) _ 6x- 5- 18°30x- 18 _
27 " @3- 5x+3 4673 - B5x+3
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_ 36x- 23-18x*
263x2 - 5x+3’

_ 5Iogz(3x +1) )
9y sif2x '
Megol®B s .
3
i C(em-Iogz(3x+l)@sin22x®052xc"2_
y =5 - 6 -
sin® 2x
33|n 2x(sin2x- 2(3x +1)In 2(n)gz(3x+1)c032x)
(3x+1)In 2Gin® 2x
.| 2X-
hyy=5 o 3|g(3x+7)
Megol®B s .

4

182x- 38 C@(Zx+3)- (2x- 3)¢2
59832' +32 (2x+3)?

+5[2x- 3 . 1, a2x+3o T}ZIg 3x+7
2x+3(i3x+7ln10 5 QEX 32 (2x+3)f

[2x-3. 3 _12Ig(3x+7), /a2x+3o
"y 2x+3(i3x+7)ln10_ 5 (2x+3F \eox- 32
3 2x- 3
+ 5 :
(3x+7)In10V 2x+3

lg(3x +7)+

i) y = (thsx)"@"),;

Megol® s .

Logaritmi z8l juk a megadott f ¢ iggv®nyt :
Iny=In(2x+7)dn(thsx),ak kor deri vgljuk mindk®t ol dal

1 yi= |n(th5X) + In(2X + 7)9%
y ox+7 th5x (@h“5x

l nnen megkeress¢k az

_ nzx@2In(thsx) . 5In(2x+7)
vi=(t5x) C 2X+7 " hEx @h5x 2
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N yo Mx-3P
J) y= (X- 2)6(X+7)7’

Megol®B s .

A |l ogaritmikus Iruiye=r:—;Ih(x-§3)- 6is(x- 2)-1 7m(x § 78, nmost

i v8ljuk
13 6 7
;yl_S(x- 3 x-2 x+7°
- Jx-3F &8 3 6 73
(x-2)6(x+7)7€%(x-3) x-2 x+79
k) X’y - y* =6X;
Megol®B s .

Deri vs8l juk azoldygledt et mi ndk®t
3’y +x°yi- 2yyi=6,

innen
_6- 3%y
! X2- 2y
| Ex=3°- 2%,
%y=t3-6!
Megol® s .

Mivel xj=9t"- 4t, yij=3t*>,e z ®r t

S
ot*- 4t Ot- 4

Vi _
Vv ==, =
X
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5Der i1 v§8Ilt al kal maz 8s a

Haazy=f(x) f ¢cggv®ny d gab) mt€rvallumdn® f fixg>0 minden

xi (ab), akkor azf(x) f ¢ ggv®ny szi gor Ya napmiotenalluroon;han © v e k v

pedig fi(x) <0 minden xi (a)), akkor az f(x) f ¢ ggv ®ny
ezen az intervall umon. xiEontnakPhogyz € ks DR Iwgade sk °r
ebbRI a kor nyeftxbtf(xﬁlbgyehj Bt L &)= &g)) Gkka azy

X pontothelyimi ni mum (maxi mum) poat()§naglgv@dayaerk: ®s

szigoruan mon

f(x,) T af ¢ggwv@iwmi ni mum§nak (maxi mum§nak) nevez

fggv®ny sz® sR®rt ®khelyeinek ndifx¢=z0zvagkaz Azon

fixxnem | ® ezi k, a f¢e¢ggv®ny kritikus
Sz¢ks®gesHafazaxbpo®ttaztf.(x)f(;ggv®ny sz®l srR®r t ®k

pontj ain

fi(xo):0vagyfi(x0)nem | ®t ez i k.
El ®gs®ges felt®tel ek.
1) Legyen f(x) der i v§I ha krtikus appnt valamely (x,- d\x,+d)

k°rnyezet ®b e n x pohktbhaw. @I{kc&,lhafs(xg;)rro rmizden x| (xo- a’,xo) ®s
fi(xo)<0 minden xi (xo,xo+a’), akkor az x,- helyi maximum pont;ha fi(Xo)<0
minden x i (x0 - a’,xo) ® sf i(Xo) >0 minden x| (xo,x0 +a’), akkor azx, - helyi minimum

pont.
2) Legyeny=f(x)f cggv®ny k®tszxkridei ku§!| lpotnt ban
val amely k°r rfixg)z@ akibazx, - heli anaximum pontha fi(x,)>0,

akkor x, - helyi minimum pont. Ha pedigfi(x,)=0,ak kor tov&8bbi vizsgsgl a

OM-5.1

1. lgazolijg hogyazy=x®+xf ¢ ggv®ny szigoruan monoton n

2. Hato&§rz a meg az al 8bbi f¢iggv®nyek monot on
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ay=x'-2x*- 5

b) y=x%€";
X

Qy=—sj,
In x

d) y=x- 2sinx, 0¢ x¢ 2p!
3. Hat 8rozza meg az al 8bbit f¢gggv®nyek sz®I s
a) y=2x>- 3x

b)yzéx23 6x- 7!

4. Hat 8rozza meg az al 8bbi féggv®nyek Sz
seg?2ts®g®vel

Oy=x*- 2ax’ +a’x (a>0);
b) y = x%e !

¥ MS5.1

1. Hat 8rmexmzaz al 8bbi figgv®nNyYy monotonit§s§

S S
x° - 6x- 16
2.Hat 8rozza meg az al 8bhi f¢ggv®ny sz®l sRG

y=3/(x- 6x5) 1

2. Hat 8rozza meg az al 8bbi fé¢ggv®nyYy monot or

y=(x- 2P(2x+1)*!

y

3. Hat 8a omezg az al 8bbi f¢ggv®ny sz® sR®rt ®k

y=X- In(1+x)!
4. Hat 8rozza meg az al 8bbi f¢gggv®NyYy monot or
y=Xx- !

5. Hat 8rozza meg az al 8bhi f¢gggv®ny sz®Il sRC(

y=- XX +2!
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lHat 8regzazmal 8bbi

OM-5.1

1.1 Oy=x3- 3x°- 9x+14; b)y=2x?- Inx;

b) y=2/3sinx- 3x (0¢ x¢ 2p)!
. 2 y=(x-a)(2x+1)%; b)y = xe*;

C) y = 2x+cosx!

.3 y:léésx—z; b)y:In(x+\/l+x2);

1+ X+ X2

c) y=2sinx+cos2x, (0¢x¢2p)!

ay=X1d Dy=%;

X1
C) y = x+3tgx!

. 5 y=(x-@)(3x- 1)*; b)y=x2+Inx;
c) y=sinx- cosx, (- p¢x¢0)!

0
. By= : b)y=x- InlL+ x?):
y 4X3_ X2+6X )y ( )

C) y =3x+3cosx!
. 7 y=30%%; b)y=xe*;
c) y=ctgx- x!

2
.8y:X_ +2; b)y = Inx
X-1

C) y =tgx+ 2x!
W2 1
. 9y:4_x@§_4; b)y:e5+x;
X
0) y =+/3x- 2sinx, (0¢x¢2p)!

In x

.1 b +—
= )yxX

(x 1y
C) y =5tgx+1!
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1. 1y=—"0)
9- X
C) y =3ctgx- 5!
1. 1%=3x0B PR3- 6x°+6x;

C) y = 2x+cosx!

3

1. 13=%A.
Y 21
C)y=3tgx+7!

3

1. 14=—6)—;

X5 - X+1

b)y=x*- 2Inx;
1+x
b)y=-In=—;
)y 1

c) y = 2cosx- 2sinx, (- p¢x¢0)!

1. 15=x0x+5x+1;

O y=1+tg’x, & %<x<£g
%

2
1. 1@.:%6%;
X+

C) y = sin2x + 2cosx, %
¢

1. 1 %=3(6)a2f;

C) y = arctgx+ x!

1. 18=v20)x*:

C) y = x- arcctgx!

2
X"z x-1
R

P
2

1
b)y = x%*;

b)y =/xInx;

po
¢ x¢=o!
29

b)y:In(x2 +1)- X;
b) y = ae™ +be P¥;

b)y =xInx;

c) y =3sinx- 3cosx, (- p¢x¢0)!

1. 2y=x/ax x* (a>0);
C) y = 3arctgx+ x°!

1+3x

1.2Y¥= ,
4+5x2

b)y=e""t;

-_— ya 1 \
b)y= In(x4 +4x3 + 30)




) y =cos2x- sin’x, (0¢x¢2p)!

1.2y b)y = x- In(L+x);

Xv1- X

c) y = xsinx+cosx, (0¢x¢2p)!
1.2 3/.=(X—GB§R/(X+1)2; b)y:%+e";

C) y=secx+5, %d:xd:z,o, X, %; %8!
¢

2 -
1. 2 4=(20p°(x+5); b)y=+e*;
X
C) y =Ssecx+CosecX, ge-£<x<%, X, 08!
g —-—
X_
1. 2 .:—é' b)y=In{1+X)- Xx;
5= ) )y =In(1+x)
C) y =2+5tgx!
1. 26+~ X ; b)y:ex-_1
(x+3)
C) y =7ctgx- 2!
x3 e” +1
1. 23/;4)?-4); b)y ===

C) y = arcsinx + x°!

2
1. 2 8/.:(??23; b)y=x+|n(x2- 4);

) y = arccosx- X!
X4
1. 23/;—3@?; b) y =- xIn?x;
X -
C) y =3x- cosx!

1.3 Q/.:(x{*].)g\/?; b) y = (x +1)e®;
C) y =sin2x- 5x!
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2.Hat 8r oz z a

43
2.1.ay= X
o Ox+/1- X

2.2. )y =3x%- 2x°;

2.3.a)y=2x°- 6x%- 18x+7;

p

L] ?BQJO

PexePf
2 0

2.4. a)y=x*- 2x* +5;

a)y =% (x2 )2
(o

(0¢ x¢20)!

2.5.

2.6.a)y=

X2

2.7.ay= ;
W 4x° - 1

- 2—
X

2.9. a)y =4x3 - 6x° - 24x+09;

27 .
x+1

2.10. a)y = (x-
(0¢x¢20)!

2.11. a)y = x* +2x* - 8x- 5;
2.12. a)y = (x +1¥/x;

2.13. a)y = x°- 5x* +5x3 +1;

2.14.8)y =

XZ
Ix2-1

me g

az al 8bbi
b)y:263X +3e-2X!
Jx
b)y= !
Inx

fé¢ggv®nyek

b) y = xsinx + cosx - %xz;

b)y=2x*-Inx !
X2
et x |

b)y=

b) y = x+ 2sinx;

_X2

b)y=x% 2 |

b) y = x- 2arctgx !

2X

e
b)y = !
)y =1

b) y = x + 2cosx;

Inx+\/§I

b)y= x

b)y= g!
X

X
2

b) y:In(1+ xz)- X !
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1+3x
Ja+5%2

2
2.16.0 y=3XZ+¢1;
X+ x+1

215.09y=

2

X +1
2.17 = :
Qy 1

2. 1 8=2xGBx*- 12x- 5;

2.19.9 y = X*(x- 12)%;

2.20.a)y:%£8'x);
X

2.24. a)y =

x
+
(00]

2.25. a)y = x(x- 1°(x- 2);

2.26. a)y =

X .
3%2- 4

2.27. ay =3 (- 1f ;

2.28.a)y= (1+ xz)(2- X);

2.29.a)y=i2;

2.308) y = (x- 3VX;

3. Hat 8rozza me g

seg?ts®g®vel

b)y=e*(x- 1) !
by=e*(x- 3!

b) y =sin2x- x !

b) y = 2arctgx+ >
- 21+x2)

b)y= Zcos5 + 3005Z !
2 3

b) y = chx!

e

X
=
X

b)y =

b) y = xIn?x!

b) y = 2xe"!

b) y = x- arctgx!
b)y=x- In(1+x)!
b) y = xIn x!

b) y = x%e !

x2-1

b)y = 2x°+11
b) y = 2sin2x + sin4x!

In x
b)y=—"1
X

az al 8bbi fé¢ggv®nyek
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31.y:x+£;
X

X2

3.3. yzg;

3.5.y= L;
In x
3.7. y= |n(1+ xz);

3.9. y=(x+2)° +2x+2;

3.11.y = x? - arcsinx;
a, X
3.13.y=—In=(a>0),

y=_In-(a>0)
3.15.y:9+x;
X

3.17.y:x2+3;
X

319y:3+§;
X

32ly=e%;
3.23.y=x*- 2x%- 4;
3.25.y =Insinx;

X

3.27.y=
y X2 +1

3.29.y=x*+ X—lz;

3.2. y=x++1- X;
3.4. y =ch2x;
3.6.y= € :

3.8. y=x*(12inx- 7);
3.10.y =e™'%_ arctgx;

3.12y="X%.
X

3.14.y =-/x- 5:

X2

3.16.y = 3. 2 ;

3.18.y=x*- 3¢ +5;
3.20.y = x3(x- 2);

3.22.y = x€*;
3.24.=Incosx;

3.26.y:|n—2X;
X

3.28.y=¢e"" (0¢ x ¢ 20);

3.30.y = Xe+1!

Ti pi kus v8ltozat

1.Hat 8rozza

X2 +12
X+2

Oy

az al 8bbi f¢ggv®nyek
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Megol d8s
Az x=-2pontban a f¢gggv®nynek szakad8sa van
i 2x(x+2)- (X2 +12) _x®+4x-12_ (x+6)(x- 2).

(x+2)° (x+2)° (x+2)

Ha yij=0,akkor (x+6)(x- 2) =0, innenkapjuk, hogyx, =-6; x, =2 kritikus pontok.
Az x;=-2 pont ban nem |d®ezeazpoht nedketikus, vmivél hem

tart ozifke ghgo®&n8g lame z ®&hoz t art om8ny
Az X =-6,X%=2,%=-2 pont ok felosztj §k 4 i nterva

Meghat 8rozzuk minden intervallumon a deri v§gl

7T N T

% 4

-6 -2 2

Mivelyi>0az(-0;-6)(;(2;0),ez®rt a f¢gggv®ny ittt monoto
yi<Oaz(-6-2)C(-22),ez®rt a f¢ggv®ny. itt monoton

By="%+2
X

Megol d&§&s
A féigggv®ny (®fo)etermaument t  a

1.
—&X- Inx
yi=*— =1 ng; yi=0Y Inx=1Y x=e.
X X

Az x=ekri ti kus pont felosztja a f¢gggv®e®ny ®r
Meghat 8rozzuk ezeken a derivs8lt el Rjel ®t:

—

©. + _
0 e

>
X

Az (0;€)yi>0, ez®rtgga ®fy, monot ofe+ PRI<Wekv®IL t Aa

fé¢éggv®ny monoton cs®°kkenR
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C) y =5x+sin2x.

Megol d&§s

A foiggv®ny mi nde.nytst2c@®2xt Mivielnes2)y¢d mindem
xI R, ez ®r2t2cos2x¢2. Te h §42cos2x>0 mi ndewagyi s a figgv®
monoton n°vekvR a val-s sz8mok hal maz§n.

2Hat 8rozza meg az al 8bbit f¢gggv®nyek sz®I s

Oy =3x*- 4x3- 12x° +24x- 9.

Megol d8s

yi=123- 12¢ - 24x+24=12x2(x- 1)- 2(x- 1)|=

=12(x- 1 - 2)=12x- 1x- V2)x+~/2).

yi:OY(><1:];x2:\/§;x3:-\/§)kritikus pontok, melyek f e
n®gy szakaszr a.

Mi ndegyi ken meghat 8rozzuk a derivsglt el Rj

— 7 = T

V2 1 5 X
min  Max min
Mivel az x =°+/2 pontkon8t hal adva a deeri¢l8ka, et RPet et
f¢ggv®nynekmmemuapont@g.ont j ai
Vo =¥ V2)=3 V2 - d 2f - 12 v2) "+
+24- J2)- 9° - 436; v, = y[V2)° 16.
Az x=lponton 8thaladvacaedErays8er®et REepkrtop
feggveny maxiy(frudma- 12+24- 9=2,
b) y=x- 2cosx.(0¢ x ¢ 2p).
Megol d§s

yi=1+2sinx; yi=0Y 1+2sinx=0Y sinx:-%\'{
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1
Y é 16
&, =¥
e 6

kapott kritikus pontok felosztj8k az eg
%;7—'082373;1—9 ®SY%;2,09 a megadott 0¢ x¢2p szakaszon
= - (; =

at8rozzuk a derivsgl((®. 2I|)RMMpEtI ®&®&t mindegyi k

1) yi>0, vagyis S|nx>-§az % 7'00 al]p Oo, ez ®rt

ittt a f ¢ggvVve
¢ 6—96

n°®vekvR

2)y|<0vagy|ssmx<-%aae— ]pg,ez®rt Ittt a f¢gggv®NyYy m

6 6 -

vO

Azxz%oponton 8t hal adv a ga+-|éd-gténra®§l>(a:zl—6]'glp®§orelet %

8t hal-edvyla-egz®rt a f¢sgggv®ny sz® sR®rt ®khel yei

apa_ip P _ 16
e - 2C0S— -2 0° 4,67.
Ymax= Y6 0™ 6 6 6 éée 22

Yo = YR P B= 1P 5ot ¥ =10 0@’0403
c6+ 6 6
3. Hat 8§r oz zay=xieXgf ¢cagzgv ®ny sz® sR®rt ®khel yei

seg?tks®g®vel
Megol d§&s

yi=3x%* (3x )e'x;
Vi = (6x- 3x2)e'X - (3x2 - x3)e'x = (x3 - 6X° +6x)e'x.
Mi v el a derivsgl txI Rf ez ®r 6 noas kmiintdieknus pont

3x* - x> =0 egyenleet, vagyis % =0, X, =3.
Megkeressdilkk darmygdt ak ®r)tii(®1<03\i'agyisetlz—6n pont

-i nf I e x,iyi(3s=- 9 60t vagyis X, =3- maximum pont
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Yimax = Y(3) = 27€3 0 134,

AY
0
2 >x
7o + 11p
6 "5 6

5. 1. 8bhr a
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6.F¢ggv®nyvizsgs8l at

l1.Konk8v ®s konvex f¢gggv®nyek egy intervall um

Az y=f(x) fggv®ny grafikonj §t akadntewaluvmoretia anev ez
gr af i k on abyihtenalumoa az4,0) szakasgpont barth¥Wzott ®r
helyezkedik el. Ha a(b,c) i ntervall umon #&,0 grsafaikkhepontgath r bvee t a
h“z®rintR alatt hel yefARddiggv@®hy gkhabi karzj §t
nevez bgiktenallufon(6 . 1 ).8br a

Ay

y=f(x

L 243

of a b C

6.1 8§br a

Haazy=f(x)f ¢cggv®ny k®tsz(eh)i deeivslfimmona®s
akkor az konvex afa,b) intervallumon ha pedig f ji(x) <0 a (b,c) intervallumon akkor az

k o n k fby) ingervallumon

Azon pontokat, melyekben a f¢igggv®ny gr afi
vagy ford2tva) a f¢gggv®ny inflexi-s pontjain
2.Aszi mpt ot 8k

Haazy=f(x) f ¢cggv®nyre | ®tezik Mifixdportgy ®&se 2,z
egenes k°zti t8vols8§g Mprowltl &h ovz® gk %4 elnist®,g baemi

k®pest, akkor ezt az egyenest a f¢gggv®ny asz
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Az x=a egyenes f¢ggRIl egep=f(dsfzd gnpu ®rt 81 ek , a:

lim f(x)=2o vagy Iimof(x)=n. Fd ytonos feéggv®nyeknek n
X- a-

x- a+0
aszimptot 8j a.

Az y=kx+b ferdeaszimptotahaak®vetkeRhar®@t&kek | ®eznek®s v ®ge s e k

|ir+nu@:k® lim (f(x)- kx)=b.
("3 X (P

OM-6.1

1. lgazolja, hogy azy=xarctgx f ¢, ggv ®ny grafi konj a konve
hal maz§gn!

2. lgazolja, hogy azy=|n(x2-1) fé¢ggv®nynjogr akokk8v a val
hal mazgn!

3. Hat 8roy=B3&-5xfer@x-aZ¢9ggv®ny g°rb¢leteinek

az inflexi-s pontokat!

4. V®gezze el a teljes féigggv®nyvizsgs8lato

X
Q= © b)) y=xle*!
V=32 ) ¥

¥ M6.1

V®gezzZzeldlesa f (ggav®nylvg lzlsig Ssad @i ®Byek pn@l az
1. y=-|n(x2-4x+5).

2X -
2. y= )
YT x- 1y

H

3. y:x2+2.
X
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